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Abstract 
Dumas, F., Skew power series rings with general commutation formula, Theoretical Computer 
Science 98 (1992) 99-114. 
The noncommutative product in a skew power series ring n in an indeterminate X with coefficients 
in a skewfield K is entirely determined from a commutation law between X and any element of K. 
Different types of commutation rules are described, with some resulting properties for n and its 
skewfield of fractions. 
0. Introduction 
This paper is a survey (without proofs) on the notion of higher a-derivation in the 
sense of [6, p. 5231. A local skewfield F (i.e. a skewfield F provided with a discrete 
valuation so that F is complete for the corresponding topology) is said to be split if it 
contains a subfield of representatives of its residue class skewfield. K being a skewfield, 
twisted Laurent series fields F=K((X, 0)) (with d an automorphism of K; see for 
instance [6, p. 5221) and formal pseudodifferential operator skewfields F = K((X, 6)) 
(with 6 a derivation of K; see for instance [20, p. 191) are two well-known examples of 
split local skewfields. In fact, for any split local skewfield F, the elements of F can 
always be represented as Laurent series in one variable X (with X a uniformizer of the 
discrete valuation in F). But the commutation law defining the product in F is 
generally much more complicated than in the particular cases K(( X, a)) or K (( X, a)), 
and must be described with the help of higher a-derivations. 
The main properties of higher o-derivations presented here have been studied by 
H.H. Brungs, B. Roux, M. Schriider, G. Tiirner, R. Vidal, and the author, in order to 
investigate the structure of local skewfields and noncommutative complete discrete 
valuation rings (see Section 5.4). 
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1. Higher a-derivations 
1 .I. Construction 
We denote by n the set of formal power series Ciao MiXi in an indeterminate X with 
coefficients Cl: in a skewfield K. A is an additive group for the usual addition. A ring 
structure on A, with continuity of the noncommutative product in the X-adic 
topology, is entirely determined from a commutation formula of the form 
Xol=60(~)X+61(a)X2+...+6,(~)X”+1+... for all CEK, (1) 
where S = (6,)” a 0 is a sequence of additive maps from K into itself, with 6,, injective, 
and such that X(c$) = (Xcr) p for all CLE K and PEK. Developing this identity by (l), we 
find: 
. . . 
and in general 
S,(C@)= i Gi(Cl)dl(p) for all c(EK, PEK, 
i=O 
(2) 
where A 7 is the additive map from K into itself defined, for each nE N and 0 d i Q n, by 
A1=CSj,_,6jz_1...6j,+,_1, (3) 
with the sum taken over all ordered (i + 1)-tuples (j,, j,, ..., ji+ 1) of positive integers 
satisfying j, + j, + . ..+ji+l=n+ 1. So, the rule (1) can be extended to 
X’f’az c Ay(a)X”+’ for all iE:N and aeK. (4) 
n3i 
This construction, already appearing in [18, 373, defines the notion of higher C- 
derivation. Besides, we suppose subsequently that do is surjective. 
1.1. Definitions. Let K be a skewfield, with automorphism Q. A higher o-derivation of 
K is a sequence S = (6,), 2, o of additive maps from K into itself, with do = [T, satisfying 
the relation (2) for all HEN. 
If c is an automorphism and S a higher o-derivation of K, we denote by 
/i = K [ [X, o,S]] the ring of power series in the indeterminate X over K, with 
noncommutative product defined by (1) [and then (4)]. With the Ore conditions (see 
[6]), we can easily show the existence of a (right and left) field of fractions, denoted by 
F= K((X, (T, S)). The elements of F areformal Laurent series Ci~k aiX’ (with keZ and 
aiEK). When a=idK, a higher id,-derivation is simply called a higher derivation, and 
we write A=K[[X,S]] and F=K((X,S)). 
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1.2. Remark. Let S = (a,), a 0 be a higher o-derivation of K; the order of S is Inf{n 2 1; 
&#O}~Nu{cc}. If S has finite order p, dl=O for O<n-i<p, and (2) becomes 
d,(d) = 44 dp( PI + dp(co fJ ““(j3) for all aeK, PEK. (5) 
We say that 6, is a (a,~ P+l)-derivation of K. In particular, the first nontrivial 
term 6, of a higher derivation S = (idx, 0, . . . ,O, 6,, 6,+ 1, . . .) of finite order p is an 
ordinary derivation (in fact, as proved in [12], 6,+ i, bp+2, . . . . BZp_ 1 are also 
derivations). 
1.3. Examples. (a) Let 0 be an automorphism of K; the sequence Ia=(6, 0, . . . ,O, . . .) is 
a higher a-derivation (of infinite order). The corresponding power series ring is 
denoted by /1= K[ [X, o]], and F= K((X, a)). This standard situation is studied for 
instance in [5-8, 20, 22, 24, 391. 
(b) Let 6 be a derivation of K; the sequence S=(idK,6,6’, . ...6”, . ..) is a higher 
derivation (of order one for 6 # 0). The corresponding power series ring is denoted by 
n = K [ [X, S]], and described for instance in [44]. Its field of fractions F = K((X, 6)) 
is a formal pseudodifferential operator skewfield. Such skewfields have been intensely 
studied for instance in [2, 3, 6, 7, 19-21, 24, 38, 393. 
(c) Let u be an automorphism and 6 a (idK, a)-derivation of K (i.e. 6 additive and 
~(o$)=cr6(~)+G(cc)a(j3) for all aeK, PEK). The sequence S=(6,~~,bs2,...,a6”,...) 
is a higher a-derivation (see [S, p. 17, 6, p. 5221). We use the notation 
n = K [[X, (T, S]] and F = K (( X, c, 6)). The two preceding examples are of course 
particular cases (6 = 0 or c-r = idK) of this construction. 
(d) A first original example of higher derivation is given in [l]: let K be a com- 
mutative field of characteristic zero, 6 a derivation of K, and p an integer > 1; we 
define &=idx, 6,=0 for nfOmodulop, and J,p=(l/n!)ni<j<n [p(n-j)+1]6”; 
then S=(&), B 0 is a higher derivation (of order p for 6 ZO). This result is extended in 
[lo] to a skewfield of characteristic zero, and independently proved in [25] for prime 
characteristic (with generalization to 6,, # idK in [27]). The corresponding power 
series ring will be denoted by n =K[ [X,&p]], and F =K((X, 8,~)). Clearly, 
K[[X,&p]]=K[[X,d]] if p=l. 
1.2. Matrix interpretation 
Let S=(&), b 0 be a sequence of additive maps from K into itself, and 
(dl)n>O;06idn the family defined by (3). We consider the infinite triangular matrix 
MS= 
\O 
A; A; . . . 
A: . . . 
102 F. Dumas 
Then the definition of higher a-derivations may be expressed by the following 
proposition, proved in [12]: The condition (2) holds for each nEN if and only if the 
matrix Ms is multiplicative (i.e. Ms(ap)= Ms(cc)Ms(P)for all cr~K, ~EK). 
1.3. Equivalent higher a-derivations 
Let K be a skewfield with center ZK, 0 an automorphism of K, and S =(6,), 2 0 
a higher a-derivation of K. In accordance with the definition given in [44], an element 
X’ =ziaO a,X’ of the skew power series ring A = K [ [X, CJ, S]] is a uniformizer of A if 
and only if GIN = 0, c(~ # 0 and CI~ EZ~. If X’ is a uniformizer of A, any element of A can 
be rewritten as a power series in the variable X’. So there exists some higher 
a-derivation S’ =(a;), 3 0 in K (with &, = Sb =G because CI~EZ~) such that 
A = K [[X’, c~, S’]]. Conversely, two given higher a-derivations S and S’ of K are said 
to be equivalent if and only if there exists some uniformizer X’ in the ring 
A=K[[X,a,S]] such that A=K[[X’,(T,S’]]. 
1.4. Problems 
Three questions are mainly discussed in this paper: 
- giving general methods for building higher o-derivations; 
- describing all higher u-derivations of a given field K; 
_ investigating the equivalence relation defined above. 
Some additional problems are presented in the last section. 
2. Inner higher a-derivations 
In this section, K is a skewfield. 
2.1. Construction 
The results of Sections 2.1, 2.2 and Proposition 2.1 are proved in [12] for g= idK, 
and can be extended, without difficulty, to any automorphism 0. We begin with 
a technical construction: 
Let u = (u,),~ 1 be a sequence of elements of K and CJ an automorphism of K. We dejine 
S=(&,)~BO by 
&I(a) = o(a), 
. . . 
n-1 
6,(cx)=a(a)u,-u,o”+‘(cr)- 1 uidy(a), 
i=l 
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for all ~EK. Then S is a higher a-derivation of K, called the inner higher a-derivation 
determined by u. 
Note that such a definition by induction is possible because Al [see Section 1.1, 
formula (3)] depends only on &-,, dl, . . ..6._i. 
2.2. Matrix interpretation 
Let u=(u,),~~ be a sequence of elements of K. For n > i>O, we define 
U1=~Uj,-1Uj2_1...Uj,+r-1, with the sum taken as in (3), and with the convention that 
u0 = 1. We denote by U the infinite triangular matrix (with entries in K): 
t 
v;=1 u;=u1 u;=uz u;=uJ . . . 
u= 
vi=1 uf=2u1 u:=2uz+u: ... 
0 
us=1 u;=3u1 ’ . . . 
u;=1 . . . 1 
and, for any automorphism CJ of K, by M, the infinite diagonal matrix of the higher 
a-derivation (c, O,O, . . . , 0, . ..). in the sense of Section 1.2: 
M,= 
a3 
0 
an 
Then we have the following proposition: 
Let a be an automorphism of K, and S a higher a-derivation of K. Then S is the inner 
higher a-derivation determined by a given sequence u of elements of K if and only if the 
matrix of S (in the sense of Section 1.2) is: Ms = U -I M, U. 
In fact, this matrix equivalence corresponds to a higher a-derivation equivalence. 
2.1. Proposition. For any automorphism a of K, a given higher a-derivation S of K is 
inner if and only if S is equiualent to the higher o-derivation (a, O,O, . , . ,O, . . .) = I,. 
An important problem is then finding simple sufficient conditions for a given higher 
a-derivation to be inner. We have, for instance, the following examples. 
2.2. Examples. (a) If the characteristic of K is zero, the higher derivation defined in 
Example 1.3(d) is inner if and only if 6 is an inner derivation of K (see [lo, Proposition 
31, or further Proposition 3.1). 
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(b) The higher o-derivation described in Example 1.3(c) is inner if and only if 6 is an 
inner (idK, o)-derivation (i.e. there exists some eEK such that s((~)=ole-eea(cc) for all 
CXEK); see [14, Proposition 5, 13, Proposition 4.21. 
(c) If K is a commutative field without nonzero derivation (i.e. K is perfect of prime 
characteristic, or algebraic extension of Q), then any higher o-derivation of K (for any 
automorphism G) is inner; see [26, Theorem 2.3, 27, Theorem 3.21. 
But the most useful result is probably the following theorem independently proved 
by Schrtider and Roux (see [26, Theorem 2.2, 27, Theorem 3.21): 
2.3. Theorem. Let K be a commutativejeld, and o an automorphism of K. If B is not of 
finite order in the automorphism group of K, then any higher o-derivation of K is inner. 
A generalization for K a skewfield is given in [15, Remark 3.2(c)]. This generaliz- 
ation, in the same way as the above theorem and Example 2.2(c), can be obtained as 
a consequence of the following “reduction lemma” (see [ 14, Proposition 2, 13, p. 5, 121 
for the proof). 
2.4. Lemma. Let IJ be an automorphism of K, and S a noninner higher a-derivation of K, 
with order p (in the sense of Remark 1.2). Then there exists a higher a-derivation 
S’ = (8:). 3 0 equivalent to S, with finite order q bp, such that the (idK, aq)-derivation 
o - 1 Sb is noninner. 
3. Monogenic higher derivations 
In this section, K is a skewjeld of characteristic zero, with center Zx. Besides, we 
suppose K is commutative in Theorems 3.3 and 3.4, Corollary 3.5 and Remark 3.6. 
3.1. Dtrerential polynomials 
Let 6 be a derivation of K. By definition, a map f from K into itself is an element of 
K [S] ( K1 [S]) if and only if there exists an integer n 20 (n > 1) and 
(e,,e,,...,e,)EK”+’ ((eI,...,e,)EK”) such thatf=&<iQneidi (f=Cl<i<nei6’). We 
use the notation, (af/%),, 0 = eI id,. The utilization of formal difherential polynomials 
for building higher derivations has been developed by Brungs and Tiirner [l], Roux 
[28, 301, Schrijder [35], and the author [9-12). 
3.2. Construction 
Let 6 be a derivation of K, and a =(a,), 81 a sequence of elements of ZK (the 
necessity of the hypothesis a,EZk for each n> 1 is detailed in Proposition 3.2). We 
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define two families (bn,j)nai; ibjs,, and (c,,j),a l:o~js~-l of elements of Z, from 
b,,l=c,,o=a, for each n>l, 
and, for 1 bjdn- 1, 
b”,j+ 1 cl& ‘$y bk,jCn,k~ 
k J 
n-j-1 k 
Cn,j=an-j+Cn-l,j-l+ C C bk,ihi(Cn-k-l,j-l). 
k=l i=l 
Then, setting do =idK and 6, =x7= 1 b,.j di~K1 [S] for each n 2 1, we can prove (see 
[ll, 12, 351 that 
the sequence S = (6,), a O is a higher derivation of K, called the monogenic 
higher derivation determined by 6 and a, and denoted by S = HD(6, a). 
As an illustration, we can give the first terms of HD(6,a)=(6,),?0, (see [12] for 
more complete computation): 
SO=idK, 
6, =a,& 
d2=a 6+a2d2 2 1 9 
6j=aJ6+[3alaz+~a:s(a,)]s2+a:63, 
~~=a,6+[3a,a~+3a:+2a,a26(a~)+fa:6(a2)+~a:62(a~)162 
+[~ua:a2+3a:6(a1)]63+a~64, 
If 6 #O, the order of HD(6, a), in the sense of Remark 1.2, is precisely the order of the 
sequence a, i.e. inf { i > 1; ai #O}. In particular, if up = 1 for some p > 1 and ai = 0 for each 
i#p, then HD(6, a) is the higher derivation described in Example 1.3(d). 
The construction of monogenic higher derivations can be explained by using 
matrices. 
3.3. Matrix interpretation 
Let &a=(a,),a~ and (c,,j)n>l:O<j<n-1 be as in Section 3.2; we denote by A the 
infinite triangular matrix (with entries in Z,): 
A= i 
0 Cl,0 c2.0 c3.0 ..’ 
0 C2,l c3.1 .‘. 
\o 0 c3,2 ... 0 . . . 
106 F. Dumas 
Then we have (see [9, 121): 
With the preceding notations, the matrix (in the sense of Section 1.2) of the mono- 
genie higher deriuation S = HD(6, a) is Ms = exp A6 = CnaO (A”/n!)6” and satisjies 
(aM,/&?)= AMs. 
The following two propositions are published in [ 111, and proved in [ 121. The first 
one specifies the (simple) relation between the notions of inner higher derivation and 
monogenic higher derivation. The second one gives a negative answer to the natural 
question: Is there another way to obtain higher derivations from formal differential 
polynomials? 
3.1. Proposition. Let 6 be a derivation of K, and a=(a,),,5 1 a sequence of elements of 
Z,, with a,, #Ofbr at least one index n. Then HD(S, a) is an inner higher derivation of 
K if and only if8 is an inner derivation of K. 
In the particular case where a,, =0 for each n 2 1, HD(6, a) is the trivial higher 
derivation (idK, O,O, . ,O, .), which is obviously inner. 
3.2. Proposition. Let 6 be a noninner derivation of K, a = (an)nB 1 a sequence of elements 
of K, and S = (6,), a ,, a higher derivation qf K. The,following assumptions are equivalent: 
(i) for each n> l,&~K[6], with (a6,/a6)6=o=a,idK; 
(i’) for each n3 1, &EK,[G], with (&S,/CkS)6=o=a,idg; 
(ii) a,,EZK for each n> 1, and S= HD(6,a). 
The importance of monogenic higher derivations is attested by the following 
theorem (see [9, 12, 351). 
3.3. Theorem. If K is commutative, any higher derivation of K is monogenic. 
In other terms, for each higher derivation S of K, there exist a derivation 6 in 
K and a sequence a=(~,),~ 1 of elements of K such that S=HD(6, a). Besides, the 
commutativity of K implies that the only inner higher derivation of K is the trivial 
sequence (idx,O, 0, ., 0, .)= 1, which can be considered as the monogenic higher 
derivation determined by 6 = 0 and any sequence of elements of K. Since the equival- 
ence class of I is reduced to (I 1, we can suppose that Sfl #S’ for studying the 
equivalence of two arbitrary higher derivations S and S’ of K. We have the following 
general criterion; see [ 10, 121 for the (long) proof. 
3.4. Theorem. Let K be u commutaticejeld of characteristic zero; let S = HD(6, a) and 
s’ = HD(6’, a’) be two higher derivations of K. Suppose that S # I #S’ (thus, 6 #O # a’, 
and the sequences ~=(a,),,~, and a’=(~;),,, , 1 are both of finite orders, p and p’, 
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respectively). Then, S and S’ are equivalent if and only if the following four conditions are 
satisjied: 
(i) S and S’ (then a and a’) have the same order p=p’, 
(ii) 6’=16 for some I.#0 in K, 
(iii) Laba,’ admits a pth root in K, 
(iv) Res(G’, a’)= i Res(G, a), 
with the notation 
ap+l ap 0 . . . . . . 0 
With the help of this theorem, we obtain a classification of higher derivations of 
1 a2p a2p- 1 azp-2 . . . . . . api 
+(P+ 1) J(a,) -__ 
2 . 
aP 
K in two types (see [12]): 
3.5. Corollary. K being a commutativefield of characteristic zero, any higher derivation 
S # I of K is equivalent to a higher derivation HD(6, a), with 6 a nonzero derivation of K, 
and a=(a,),% 1 a sequence of elements of K, with finite order p, such that 
_ either ap= 1 and a, = 0 for all n #p, 
_ or ap= 1, a2,#0, and a,=0 for all n#p and n#2p. 
3.6. Remark. In the terminology of [30], a higher derivation HD(6, a) of finite order 
p is said to be principal when ap= 1 and a, = 0 for each n B 1 such that n #p and n # 2p. 
So, Corollary 3.5 can be reformulated as follows: 
In a commutative field K of characteristic zero, any higher derivation S# I is 
equivalent to a principal higher derivation. 
And for principal higher derivations, Theorem 3.4 gives obviously the following. 
A principal higher derivation S = HD(6, a) of finite order p and a principal higher 
derivation S’= HD(6’, a’) offinite order p’ are equivalent if and only ifp =p’ and there 
exists some 0~ K (with 0 #O) such that 6’ = BP6 and a;,= OPa2,. 
These two results are proved by Roux [30] (Theorems 2.2 and 7.7.3, respectively). 
He studies in this way the equivalence defined in Section 1.3 between two higher 
derivations S and S’, corresponding to a change of uniformizer. However, a more 
general equivalence can be introduced by the existence of an isomorphism (or 
K-isomorphism) between the rings K [ [X, S]] and K [[X’, S’]]. The main result 
concerning this problem, which cannot be developed here, is published in [30, 
Theorem 2.51 (and in [28] for some particular cases). 
The principal higher derivation HD(6, a) of order p such that a2p= 0 is called (in [ 10, 
301) the p-order elementary monogenic higher derivation generated by 6. As seen at the 
end of Section 3.2, the elementary monogenic higher derivations have been described 
108 F. Dumas 
previously in Example 1.3(d). Explicit computations about principal higher deriv- 
ations are given in [12]. 
3.4, Higher derivations in noncommutative jields of characteristic zero 
Examining first the validity of Theorem 3.3 for noncommutative fields, we get 
a negative answer (see [ 11, 121): 
If Z, # K, there exist in K higher derivations which are not monogenic. 
Then, we extend the problem by asking the question: 
Is every higher derivation of a noncommutativejeld of characteristic zero equivalent 
to a monogenic higher derivation? 
The following proposition (see [ll, 123) gives a partial answer. 
Let S be a higher derivation of K. If the subjeld of constants Ker S = {ct~K; 6,(a)= 0 
for all n > l} does not include Zx, then S is equivalent to a monogenic higher derivation. 
So, we can restrain the study to the Z,-higher derivations of K (i.e. higher 
derivations S such that ZK c Ker S). For that, we consider H ‘(K, K) the first Hoch- 
schild cohomology module of K (as a K-algebra) with coefficients in K (as a K- 
bimodule). Denoting by DerZKK the Z,-vector space of Z,-derivations of K, and by 
Inn K the subspace of inner derivations, we have H ‘(K, K) = Der,,K/Inn K. Writing 
.zX for the dimension (eventually infinite) of H’(K, K) over Zx, we can prove (see [ll, 
121) the following. 
Zf E~=c~, every Z,-higher derivation (and then every higher derivation) of K is 
equivalent to a monogenic higher derivation. 
For Ed 2 2, the explicit description of Z,-derivations of K (which is not generally an 
easy problem) seems to be necessary before investigating the structure of Z,-higher 
derivations. Dumas and Vidal [ 171 have effectively built a skewfield K, with .sK = 2, in 
which any higher derivation is equivalent to a monogenic one. Skewfields with &K = cc 
have also been constructed (in unpublished papers) with complete description of 
Z,-derivations, but without any positive result concerning Z,-higher derivations 
until now. 
4. Monogenic higher a-derivations 
In this section, K is a commutative field of characteristic zero. 
4.1. Fundamental higher u-derivations 
First of all, we must note that the nontrivial properties of higher a-derivations 
cannot be obtained by obvious adaptation of the corresponding results, already 
known for higher derivations. Specific arguments must be used concerning the 
connection between the initial torsion cr and the further terms of the sequence 
(&&,&, ..., 6,, . . .). The principal theorems about this subject (Theorems 4.1 and 4.3) 
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have been established by Roux, published in [29], and proved in [30]. We need the 
following notion of fundamental higher a-derivation as a preliminary. Let CJ be an 
automorphism and S a higher a-derivation of K. We denote by n the order of u in the 
automorphism group of K. If II = 1, S is simply a higher derivation. If II = co, S is an 
inner higher o-derivation by Theorem 2.3. So, we are only interested in the case 
1 <II< co. We have the following definition, as in [26, 27, 29, 301. 
A higher a-derivation S=(0,6i,8~, . . . . 6,, . ..) of K is said to be fundamental if 6, = 0 
for all n f 0 modulo II, with 17 the order of c in the automorphism group of K. 
If S=(C, 6,) d2, . . ,6,, . .) is a fundamental higher derivation of order p, we have 
p = pn for some ALE N*, and by Remark 1.2,6,a - ’ is an ordinary derivation of K. The 
integer p is called the numerical index of S (coinciding with the order of S for rr = idK) 
and is an invariant of the ring K [ [ X, a, S]]. The importance of fundamental higher 
a-derivations is attested by the following reduction theorem, published in [26, The- 
orem 2.3, 30, Theorem 2.41, and proved in [27]. 
Any higher o-derivation of a commutative field is equivalent to a fundamental higher 
a-derivation. 
So, describing fundamental higher derivations is sufficient in order to study higher 
a-derivations of K. We can use formal differential polynomials. 
4.1. Theorem. Let o be an automorphism of K, withfinite order 17. For each derivation 
d of K such that da = ad, and for each sequence a = (a,), 3 1 of elements of K, there exists 
one fundamental higher a-derivation S = (a,),,, a ,-, such that &n = y,, o for all n > 1, where 
y,+K1 [d] of degree <n, satisfying (C3Yn/ad)d=o =a,idK. 
As an illustration, we can give the first terms of S: 
&)=fJ, 
6,=6*=...=&-i=O, 
6n=a,da, 
6”+l=6*+2=...=62n-1=0, 
s,n=azdo+tal[al+T,(al)]dZa, 
6 zn+1=62n+*=...=63=_1=0, 
&n=a3do+t C2aIa,+aI T,(a~)+2a~T,,(a,) 
+a1 C ai(aI)da’(aI)]d20 
O<i<jQll 
+~a,Ca,+T,(a,)lCa,+2T,(a,)ld30, 
where T, is the usual trace from K into K” (i.e. T,(cx)=CE,,’ a’(~) for each MEK). 
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4.2. Definitions. A higher a-derivation S=(&)nBO of K is said to be monogenic 
(standard monogenic) when S #I,, S fundamental and there exists some derivation d of 
K (some derivation d of K satisfying do = ad) such that 6, C’EK, [d] for all n > 1. In 
the particular case c = idK, any monogenic id,-higher derivation is of course standard, 
and is a monogenic higher derivation in the sense of Section 3.2. But the structure 
theorem (Theorem 3.3) cannot be extended to the general situation a#idK without 
some restriction. 
4.3. Theorem. Let CT be an automorphism of K, with finite order l7. Let S=(6,),a0 be 
a fundamental higher o-derivation of K, with jinite order p=pI7. If T,(6,)#0 (with 
notation T,,(6,)=EE>’ a’6,a -‘), then S is a standard monogenic higher a-derivation. 
4.4. Conjecture. In order to specify the necessity of the above hypothesis, we must 
note that in some commutative fields K of characteristic zero 
(a) there exist monogenic higher c-derivations which are not standard (see [29, 
2.5.11); 
(b) there exist fundamental higher o-derivations which are not monogenic (see [29, 
2.5.21). 
Looking at the last counterexample [29, 2.5.21, we define the notion of polynomial 
higher a-derivation: ~7 being an automorphism of K with finite order l7, a fundamental 
higher a-derivation S = (6,,),,, is said to be polynomial if and only if there exists 
a sequence (P,(X,, ...rXn))nal of polynomials in the free associative algebra 
K{Xi}lcN, and a sequence (d,),, 1 of derivations of K, such that 6,na - ’ = 
P,Sd 1, . . . , d,) for all n 3 1. In [29, 301, it is conjectured that any fundamental higher 
a-derivation of a commutative field of characteristic zero is polynomial. 
5. Complements and problems 
5.1. Description qf higher a-derivations 
(a) A lot of questions concerning the structure of higher a-derivations in a field K of 
characteristic zero remain unanswerable. For instance, 
_ for K noncommutative, is any higher derivation of K equivalent to a monogenic 
one? (See Section 3.4.) 
~ for K commutative, is any fundamental higher a-derivation of K polynomial? (See 
Conjecture 4.4.) 
(b) Still less is known for K of prime characteristic; the “classical” constructions of 
Example 1.3 are valid, and some original examples show that 
_ there exist polynomial higher derivations of K which are not monogenic (see [27, 
P. 2311, 
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- there exist higher derivations of K which are not polynomial (see [30, p. 2981). 
It would be interesting to attempt a systematic investigation. 
5.2. Commutative subfields in skew Laurent series fields K (( X, o, S)) 
(a) The center of K((X, C, S)) with cr an automorphism of K and S a higher 
o-derivation of K, is studied in [13, 141. The description is complete in two cases: 
- K a skewfield and S an inner higher a-derivation (see [14, Theorem 11, which gives 
Lemma 4 [S, p. 61 for K commutative; if [K : Z,] = co, Lemma 2 [8, p. 1681 is 
inexact, as it is shown by counterexamples in [13, p. 331). 
~ K a skewfield of characteristic zero, ~7 any automorphism of K, S=(8n)na0 a non- 
inner higher o-derivation of order p, such that 0 - ‘6, is noninner (which is not 
restrictive, as we have seen in Lemma 2.4) and ad,= 6,a. This last condition cannot 
be left out (counterexample in [14]). 
(b) The determination of maximal commutative subjelds in F = K( (X, g, S)) is con- 
nected with the description of centralizers in F. In particular, we can easily observe 
that, if the centralizer in F of any noncentral element of F is commutative, then the 
maximal commutative subfields of F are exactly the centralizers in F of noncentral 
elements. This condition is realized in two cases: 
- K a commutative field and S an inner higher o-derivation, with cr an automorphism 
satisfying Ku= K”” for each integer n such that 0 <n < l7, with 17 the (eventually 
infinite) order of o; see [4, p. 52, 391. 
_ K a commutative field of characteristic zero and S any higher derivation of K (see 
[12, p. 401). This last theorem generalizes a well-known result concerning formal 
pseudodifferential operators [ 19, 38, 391. 
(c) Indeed, centralizers in formal pseudodifferential operator skewfields have been 
intensively studied [2, 3, 19, 21, 381. The extension of some of their properties to more 
general kinds of commutation laws is a nonobvious problem 
examples in [23]). 
5.3. Rationality in skew Laurent seriesjelds K((X, a, S)) 
(see original counter- 
Let K be a skewfield, a an automorphism and S a higher a-derivation of K. We say 
that F=K((X, a, S)) admits a skew rational function subfield Q if and only if there 
exist TE F (with T# 0), T an automorphism of K, and d a( t, id,)-derivation of K (i.e. 
d additive and d(c$)=s(cr)d(/I)+d(a)j3 for all ~~EK,/?EK) such that Q=K(T,t,d) is 
a subfield of F. In this definition, K( T, T, d) is the field of fractions of the classical Ore 
polynomial ring R = K [T, t, d], with commutation rule Tcr = z(a) T+ d(cr) for all ~EK 
(see [6, p. 531). For instance, K(X”,a”) is a skew rational function subfield of 
K((X, a)) for each nonzero integer n and each automorphism a of K. Another 
well-known example concerns the existence, in any formal pseudodifferential operator 
skewfield F = K( (X, 6)), of a skew rational function subfield Q = K( X - ‘, - 6), which 
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is the skewfield of fractions of a formal differential operator ring R = K [ X - I, -S] 
(see for instance [6, p. 522, 19,20, p. 19,21, 381. Rationality in a general skew Laurent 
series field K((X, 0, S)) is studied in [ 151. The principal result is the following. 
Let K be a skewjeld of characteristic zero, and S = (&), B 0 any higher derivation of K. 
By Lemma 2.4, we can suppose that the derivation 6, is noninner, with p the order of S. 
Then F = K((X, S)) admits a skew rational function subfield Q if and only if S is 
equivalent to the p-order elementary monogenic higher derivation (in the sense of Remark 
3.6) generated by 6,. In this case, writing F = K ((X’, 6,, p)) by a change of unzformizer 
(see Example 1.3(d) for the notation), the unique skew rational function subfield of F is 
Q= IK(X’-~, -PC?,). 
An application of this theorem is given in [16], with the construction of a noncom- 
mutative Puiseux field for formal pseudodifferential operators. Additional results, 
remarks and examples are detailed in [15]. Finally, a rationality criterion using an 
adapted form of Hankel determinant is given in [21] for the case of 
F=K((X,6)), in [22] for F=K((X,o)), and in [15] for F=K((X,&p)). 
5.4. Structure of local skewfields and noncommutative complete discrete valuation rings 
At the end of this survey, we must return to our original motivation. As we have 
seen in Section 0, a local skewfield is a skewfield F provided with a discrete valuation 
v, and complete for the topology determined by v. Let us define a discrete valuation 
ring as a noncommutative local ring il (see [34]) with nonnilpotent Jacobson radical 
J, such that any proper ideal of n is of the form J” for some integer n 2 1. Then, if n is 
complete for the J-adic topology, n admits a skewfield of fractions which is a local 
skewfield, for the valuation associated with the J-adic filtration. Conversely, for any 
local skewfield F with discrete valuation v, the ring /i = (xGF, v(x) >O} is a noncom- 
mutative complete discrete valuation ring, with field of fractions F. Besides, n (or F) is 
split (or, with the terminology of [44], n is a Cohen ring) if there exists in /1 a subfield 
of representatives of the residue class skewfield A/J. 
To any discrete valuation ring n with Jacobson radical J and residue class skewfield 
K = A/J, an invariant [K, a] can be attached (where CT is an automorphism of K) by 
using the K-bimodule structure of J/J2 (see [26,27]). This invariant is defined so that, 
for any skewfield K, any automorphism B of K, and any higher a-derivation S of K, 
the invariant of the Cohen ring (i.e. split noncommutative complete discrete valuation 
ring) K [[X, o, S]] is precisely [K, o]. Conversely, any Cohen ring n with invariant 
[K, a] is isomorphic to K [ [X, c, S]] for some higher o-derivation S of K. 
So, the main problem consists in specifying sufficient conditions for a given 
complete discrete valuation ring n with invariant [K, a] to be split (then represent- 
able as a skew power series ring with higher a-derivative commutation formula). By 
various equicharacteristic and nonequicharacteristic counterexamples (see [41, 42, 
441) Vidal has shown that the situation here is quite different from the classical 
commutative Cohen theorem (see [36]). More recently, Roux has answered the 
question by giving important structure theorems in three cases: K any commutative 
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field and CT an automorphism of K with infinite order (see [32]), K a perfect 
commutative field of prime characteristic (see [31]), and K a (commutative) algebraic 
extension of Q (see [33]). 
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